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Abstract
It is shown that all regular automorphisms of the ane Cremona group over an algebraically
closed eld of characteristic zero are inner. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: Primary 14E07; secondary 14E09; 20F28
The ane Cremona group GAn is dened as the automorphism group of the ane
space An = Kn, which is an algebraic variety. We consider the case when K is an
algebraically closed eld of characteristic zero. Elements of GAn are transformations
of the kind xi 7! fi(x1; x2; : : : ; xn); i = 1; 2; : : : ; n; where fi are polynomials over K .
Moreover, the inverse element is dened by a collection of polynomials also. We will
write elements of GAn as tuples of polynomials
F = hf1; f2; : : : ; fni: (1)
As was shown in [1], GAn has the structure of an innite-dimensional algebraic
group. The corresponding topology is constructed as an inductive limit of the topology
of nite-dimensional ane varieties. From this point of view, the coecients of poly-
nomials (1) can be considered as the collection of ane coordinates of the element F .
We study regular automorphisms, which are morphisms of GAn as an 1-dimensional
algebraic variety. If u is a regular automorphism then the coecients of the polynomials
of Fu are polynomial functions in the coecients of F .
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Let us consider the following important subgroups of GAn:
1. The ane group AGLn and its subgroups: An is the group of translations of the
ane space Kn; Monn is the monomial group, which coincides with the normalizer
of the standard torus Tn in GLn. It is easy to check that Monn is isomorphic to
the wreath product SnwrK, which is the semidirect product of Sn and Tn = (K)n,
where the symmetric group Sn is an active factor.
2. Un is the group of unitriangular polynomial transformations of An ; Bn is the nor-
malizer of Un in GAn, which is a group of triangular polynomial transformations
(Jonqueare group).
3. GA0n is the stabilizer of zero. There is the central series of normal subgroups
GA0n >GA
1
n >GA
2
n >   >GAkn >    :
Elements of GAkn can be written down in the form g=X +H
k+1+;   , where Hk+1 is
a homogeneous vector-form of the degree k+1; X = hx1; x2; : : : ; xni is the unit of GAn
and +    means items of higher degrees. The factor GAkn=GAk+1n is isomorphic to the
group of translations of the nite-dimensional vector-space. We have the decomposition
into the semidirect product GA0n=GLn(K) GA1n. Clearly, the product g and the element
g1 = X + Hk1 +    can be written down in the form gg1 = X + Hk + Hk1 +   .
Theorem 1 (Shafarevich [1]). The group GAn is generated by AGLn and Bn as an
1-dimensional algebraic group. This means that each closed subgroup GGAn;
which contains AGLn and Bn; coincides with GAn.
The starting point of the proof of the main Theorem 9 is the famous Bialynicki{
Birula theorem [2], from which it follows that any n-dimensional torus is conjugate to
the standard torus Tn in GAn. Hence, each automorphism ~u of GAn can be decomposed
into the product ~u=ui; where i is an inner automorphism and u keeps the standard torus
Tn= ft= h1x1; 2x2; : : : ; nxni j i 6= 0g and induces an automorphism on it. Remember
that all regular automorphisms of the torus have the form tu = hc1x1; c2x2; : : : ; cnxni,
where ci = ci; 11 
ci; 2
2 : : : 
ci; n
n ; (ci; j) is a matrix of integers. In particular,  7! −1 is a
unique nontrivial regular automorphism of K.
Lemma 2 (On normalizers).
1. NGAn(Tn)= Monn,
2. NGAn(An)= AGLn.
Proof. Let F=hf1; : : : ; fni; F−1=hg1; : : : ; gni 2 NGAn(Tn). Then we have the equalities
gi(1f1; 2f2; : : : ; nfn) = ixi;
i=1; 2; : : : ; n; where i= i(1; : : : ; n). Put here x1 = x2 =   = xn=0. Suppose that for
some j fj(0) 6= 0; then it follows that for all i gi does not depend on xj. Since F is
invertible, it is impossible. Hence, F 2 GA0n and we can decompose this element into
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the product A  F^ ; where A 2 GLn; F^ =X +Hk +    ; k > 1. The normalizer condition
leads to the conclusion: T F^n 2 GLn. If t is a scalar matrix with a diagonal element ,
then tF^ = X +(k − )Hk +    Since k > 1, we have got Hk  0 and F^ =X . Hence,
NGAn(Tn) = NGLn(Tn). It is well known that the last normalizer coincides with Monn.
Second assertion can be obtained in a similar way.
Corollary 3. If an automorphism u keeps Tn; then it keeps Monn.
Let us remember the structure of automorphisms of the monomial groups.
Theorem 4 (Ore [3]). For n 6= 2; 6 each automorphism of Monn= Sn  Tn is a compo-
sition of an inner one with an automorphism  of the form
 : s 7! s  ts; t 7! tc; (2)
where s 2 Sn; ts 2 Tn and s 7! ts is a special cross-homomorphism: Sn 7! (K)n;
which is determined by an element of order 2 from K; c is an automorphism of Tn;
which is determined by the matrix (ci; j) of endomorphisms of K. Moreover; 8i c11 =
cii = z; 8i; j (i 6= j) c12 = cij = z1.
Remark that in our situation, z; z1 are integers and the element of order 2, which
was mentioned above, takes the values 1;−1 only.
In the exceptional cases n = 2; 6, formula (2) denes almost all automorphisms.
For n = 2, when jKj = 2, there is an automorphism which does not keep the base
Tn = (K)n. Since we consider GAn under an innite eld, this case is not interesting
for us. Actually, as was shown in [4], the other case n=6 is not exceptional, because
the external automorphism of S6 does not extend to an automorphism of Mon6.
As easy to see, the matrix
C =
0
BB@
z z1 z1    z1
z1 z z1    z1
              
z1 z1 z1    z
1
CCA
induces the automorphism on the diagonal elements ( x1;  x2; : : : ;  xn) 2 (K)n and
the regular automorphism z + (n− 1)z1 of K. Thus, we have z + (n− 1)z1 =1. On
the other hand, C keeps the subgroup f(x1; ()−1x2; x3; : : : ; xn)gTn and induces the
automorphism z−z1 on K. Thus, we have the equalities: z+(n−1)z1=1; z−z1=1,
which imply the disjunction: z1 = 0; z = 1 or n = 2; z = 0; z1 = 1. Therefore, we
have obtained
Lemma 5. If an automorphism u 2 AutGAn keeps the torus Tn; then an action on the
torus has the form
tu = t1; (3)
t 2 Tn; n> 2. Here the sign + corresponds to the trivial action on the torus. In the
case n = 2 we have either an action of the automorphism u having the form (3) or
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this form has the automorphism u  j; where j is an inner automorphism induced by
the element hx2; x1i.
Lemma 6. If an automorphism u acts on Tn by formula (3); then it keeps An.
Proof. Let ti()= hx1; : : : ; xi−1; xi; xi+1; : : : ; xni; gn=gn(c)= hx1; : : : ; xn−1; xn+ ci 2 An;
c 2 K , and gun=F= hf1; : : : ; fni. As follows from the previous lemma, the commutator
equalities [ti(); gn] = e; i = 1; 2; : : : ; n− 1, lead to the polynomial equalities:
fj(x1; : : : ; xi−1; 1xi; xi+1; : : : ; xn) = fj(x1; : : : ; xn); j 6= i
fi(x1; : : : ; xi−1; 1xi; xi+1; : : : ; xn) = 1fi(x1; : : : ; xn):
Here 1 corresponds to action (3) of u on the torus.
It follows from this that fi = i(xn)xi; i<n; fn = fn(xn). Since F is invertible,
i 2 K and fn=nxn+. By taking in account that the coecients of F depend on c 2
K , we get a collection of homomorphisms i=i(c) :K+ 7! K. Such homomorphisms
are regular only if they trivial. Hence, for all i i =1 and gun 2 An. Since the elements
(gn(c)) s; s 2 Sn; generate the group An, our lemma follows from formula (2). .
From Lemma 2 it follows
Corollary 7. If an automorphism u acts on Tn by formula (3) then (AGLn)u=AGLn.
It is well known that all regular automorphisms of the ane group are inner. This
leads to the conclusion: each automorphisms u, which keeps the torus Tn, can be
decomposed in such a manner u = u1  j, where j is an inner automorphism, induced
by some element from AGLn, and u1 acts as the identity on the ane subgroup AGLn.
Lemma 8. If u1 2 AutGAn acts identically on AGLn; then (Bn)u1 = Bn.
Proof. Let us consider an action of u1 on the elements hk = hk(a) = hx1; : : : ; xk−1;
xk+a(x1; x2; : : : ; xk−1); xk+1; : : : ; xni 2 Un; a2K[x1; x2; : : : ; xk−1]. We are going to prove
that hu1k = hf1; : : : ; fni 2 Un. Moreover, fi = xi i=1; 2; : : : ; k − 1. Since the elements hk
and hx1; : : : ; xk−1; xk + ck ; : : : ; xk + ck+1; : : : ; xn + cni are permutable, for any ci 2 K , we
have polynomial equalities:
8i (i< k) fi(x1; x2; : : : ; xk−1; xk + ck ; : : : ; xn + cn) = fi(x1; : : : ; xn);
8j (j  k) fj(x1; x2; : : : ; xk−1; xk + ck ; : : : ; xn + cn) = fj(x1; x2; : : : ; xn) + cj;
which lead to the conclusions: fi = fi(xi; : : : ; xk−1), for all i: 1  i< k; fj = xj + bj
(x1; : : : ; xk−1), for all j: k  j  n. We are going to prove that for all i (i< k) fi = xi.
Let us do it by induction on deg a. Since u1 acts as the identity on the ane group, our
assertion holds for the elements hk(a) such that deg a  1. It is useful to remark that
for any nonunit element of the form c = hx1 + c1; : : : ; xk−1 + ck−1; xk ; : : : ; xni 2 An the
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commutator [hk ; c] has the same form hx1; : : : ; xk−1; xk + a^(x1; x2; : : : ; xk−1); xk+1; : : : ; xni
as hk and 8i (i< k)degxi a^< degxi a. Thus, we can suppose that the assertion holds for
this commutator and obtain the next equality
fi(g1 + c1; g2 + c2; : : : ; gk−1 + ck−1)− ci = xi;
where hg1; : : : ; gk−1i = hf1; : : : ; fk−1i−1; 1  i< k. Let us choose the values zi 2 K
in such a manner that gj(z1; z2; : : : ; zk−1) = 0; j = 1; 2; : : : ; k − 1, and put xi = zi in the
equalities. Then we get fi(c1; : : : ; ck−1) = ci + zi for all values ci 2 K . It means that
polynomials fi have the form fi(x1; : : : ; xk−1)=xi+zi. But each element hk is permutable
with the elements of kind hx1; : : : ; xk−1; xk + xi; xk+1; : : : ; xni 2 AGLn:; i=1; 2; : : : ; k − 1.
Since the automorphism u1 acts identically on AGLn, the element h
u1
k is permutable
with pointed elements also. It is possible when 8i (i< k) zi = 0 only. Hence, for all
i< k we have fi = xi and our assertion has been proved. Thus, the element h
u1
k have
the form hx1; x2; : : : ; xk−1; xk + bk(x1; x2; : : : ; xk−1); xk+1 + bk+1(x1; x2; : : : ; xk−1); xn + bn
(x1; x2; : : : ; xk−1)i and belongs to Un. Since the elements of the kind hk(a); a 2 K
[x1; : : : ; xk−1], generate Un; the lemma has been proved also.
Theorem 9. Every regular automorphism of the ane Cremona group is inner.
Proof. As follows from the previous lemmas, each automorphism ~u 2 AutGAn, can
be decomposed ~u = u1  i1, where i1 is an inner automorphism, u1 keeps Bn and acts
identically on the ane subgroup. As was proved in [5], all regular automorphisms of
Bn are inner. It means that there is an element in Bn, which is permutable with the
elements of the torus Tn and An. It is easy to check that this property holds for the unit
element only. Hence, u1 acts identically on Bn and AGLn. Now, the theorem follows
from Theorem 1.
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